
Complex roots of unity & polynomial equations

Exercise 3.9
Solve the following equations on ℂ

a. 𝑧2 = 𝑖

b. 𝑧2 = 1√
2

+ 𝑖√
2

c. 𝑧3 + 2 − 2𝑖 = 0
d. 𝑧3 + 4 − 4

√
3𝑖 = 0

e. 𝑧4 = −7 + 24𝑖
f. 𝑧4 = −7 + 4

√
2𝑖

g. 𝑧8 =
√

3 + 𝑖
h. 𝑧7 − 2𝑖𝑧4 − 𝑖𝑧3 − 2 = 0
i. 𝑧6 + 𝑖𝑧3 + 𝑖 − 1 = 0

Solution Exercise 3.9

a. 𝑧2 = 𝑒1
2𝜋𝑖+𝑘2𝜋𝑖

𝑧 = 𝑒1
4𝜋𝑖+𝑘𝜋𝑖

𝑧 = 1
2
√

2 + 𝑖1
2
√

2 ∨ 𝑧 = 𝑧 = −1
2
√

2 − 𝑖1
2
√

2

b.
𝑧2 = 1

2
√

2 + 1
2
√

2𝑖

𝑧2 = 𝑒1
4𝜋𝑖+𝑘2𝜋𝑖

𝑧 = 𝑒1
8𝜋𝑖+𝑘𝜋𝑖

𝑧 = cos 1
8
𝜋 + 𝑖 sin 1

8
𝜋 ∨ 𝑧 = cos 9

8
𝜋 + 𝑖 sin 9

8
𝜋

𝑧 = 1
2
√2 +

√
2 + 𝑖1

2
√2 −

√
2 ∨ 𝑧 = −1

2
√2 +

√
2 − 𝑖1

2
√2 −

√
2

note: the exact answers were found using the half angle formulae of sin and cos, there are many
other ways to compute an exact answer void of trigonometric functions.

c. 𝑧3 = −2 + 2𝑖
𝑧3 = 81

6 𝑒3
4𝜋𝑖+𝑘2𝜋𝑖

𝑧 =
√

2𝑒1
4𝜋𝑖+𝑘2

3𝜋𝑖

𝑧 = 1 + 𝑖 ∨ 𝑧 = −1
2

+ 1
2
√

3 − (1
2

+ 1
2
√

3)𝑖 ∨ 𝑧 = −1
2

− 1
2
√

3 − (1
2

− 1
2
√

3)𝑖



d. 𝑧3 = −4 + 4
√

3𝑖

𝑧3 = 8𝑒arctan2(4
√

3,−4)𝑖+𝑘2𝜋𝑖

𝑧 = 2𝑒2
9𝜋𝑖+𝑘6

9𝜋𝑖

𝑧 = 2 cos(2
9
𝜋) + 2𝑖 sin(2

9
𝜋)

∨ 𝑧 = 2 cos(8
9
𝜋) + 2𝑖 sin(8

9
𝜋)

∨ 𝑧 = 2 cos(14
9

𝜋) + 2𝑖 sin(14
9

𝜋)

note that arctan2(4
√

3, −4) = 2
3𝜋 ≠ arctan(4

√
3

−4 ) as arctan2 returns the angle in the right
quadrant.

e. 𝑧4 = −7 + 24𝑖
because arctan2(24, −7) does not have an exact solutions, we will use substitution

𝑧2 = 𝑢 = 𝑎 + 𝑏𝑖 with 𝑎, 𝑏 ∈ ℝ
𝑢2 = −7 + 24𝑖
𝑎2 + 2𝑎𝑏𝑖 − 𝑏2 = −7 + 24𝑖
⇒ 𝑎2 − 𝑏2 = −7 ∧ 2𝑎𝑏 = 24

𝑎 = 12
𝑏

144𝑏−2 − 𝑏2 = −7
𝑏4 − 7𝑏2 − 144 = 0
(𝑏2 − 16)(𝑏2 + 9) = 0

𝑏2 = 16 ∨ 𝑏2 = −9 (spurious)
𝑏 = ±4
𝑢 = 3 + 4𝑖 ∨ 𝑢 = −3 − 4𝑖

𝑥2 = 3 + 4𝑖 ∨ 𝑥2 = −3 − 4𝑖
𝑎2 + 2𝑎𝑏𝑖 − 𝑏2 = 3 + 4𝑖 ∨ 𝑎2 + 2𝑎𝑏𝑖 − 𝑏2 = −3 − 4𝑖
(𝑎2 − 𝑏2 = 3 ∧ 2𝑎𝑏 = 4) ∨ (𝑎2 − 𝑏2 = −3 ∧ 2𝑎𝑏 = −4)

𝑎 = 2
𝑏

∨ 𝑎 = −2
𝑏

4𝑏−2 − 𝑏2 = 3 ∨ 4𝑏−2 − 𝑏2 = −3
𝑏4 + 3𝑏2 − 4 = 0 ∨ 𝑏4 − 3𝑏2 − 4 = 0

(𝑏2 + 4)(𝑏2 − 1) = 0 ∨ (𝑏2 − 4)(𝑏2 + 1) = 0

𝑏2 = −4 (spurious) ∨ 𝑏2 = 1 ∨ 𝑏2 = 4 ∨ 𝑏2 = −1 (spurious)
𝑏 = 1 ∨ 𝑏 = −1 ∨ 𝑏 = 2 ∨ 𝑏 = −2

𝑥 = 2 + 𝑖 ∨ 𝑥 = −2 − 𝑖 ∨ 𝑥 = −1 + 2𝑖 ∨ 𝑥 = 1 − 2𝑖



f. 𝑧4 = −7 + 4
√

2𝑖
using substitution

𝑧4 = 𝑢2 = 𝑎 + 𝑏𝑖 with 𝑎, 𝑏 ∈ ℝ 𝑢2 = −7 + 4
√

2𝑖

𝑎 = 2
𝑏
√

2

𝑏4 − 7𝑏2 − 8 = 0
(𝑏2 − 8)(𝑏2 + 1)

𝑏2 = 8 ∨ 𝑏2 = −1 (spurious)

𝑏 = ±2
√

2

𝑢 = 1 + 2
√

2𝑖 ∨ 𝑢 = −1 − 2
√

2𝑖

𝑥2 = 1 + 2
√

2𝑖 ∨ 𝑥2 = −1 − 2

𝑎 =
√

2
𝑏

∨ 𝑎 = −
√

2
𝑏

𝑏4 + 𝑏2 − 2 = 0 ∨ 𝑏4 − 𝑏2 − 2 = 0
(𝑏2 + 2)(𝑏2 − 1) ∨ (𝑏2 − 2)(𝑏2 + 1)

𝑏2 = −2 (spurious) ∨ 𝑏2 = 1 ∨ 𝑏2 = 2 ∨ 𝑏2 = −1 (spurious)

𝑏 = ±1 ∨ 𝑏 = ±
√

2

𝑥 =
√

2 + 𝑖 ∨ 𝑥 = −
√

2 − 𝑖 ∨ 𝑥 = −1 +
√

2𝑖 ∨ 𝑥 = 1 −
√

2𝑖

g. 𝑧8 =
√

3 + 𝑖
𝑧8 = 2𝑒1

6𝜋+𝑘2𝜋

𝑧 = 21
8 𝑒 1

48𝜋𝑖+𝑘12
48𝜋𝑖

𝑧 = 21
8 cos( 1

48
𝜋) + 21

8 𝑖 sin( 1
48

𝜋)

∨ 𝑧 = 21
8 cos(13

48
𝜋) + 21

8 𝑖 sin(13
48

𝜋)

∨ 𝑧 = 21
8 cos(25

48
𝜋) + 21

8 𝑖 sin(25
48

𝜋)

∨ 𝑧 = 21
8 cos(37

48
𝜋) + 21

8 𝑖 sin(37
48

𝜋)

∨ 𝑧 = 21
8 cos(49

48
𝜋) + 21

8 𝑖 sin(49
48

𝜋)

∨ 𝑧 = 21
8 cos(61

48
𝜋) + 21

8 𝑖 sin(61
48

𝜋)

∨ 𝑧 = 21
8 cos(73

48
𝜋) + 21

8 𝑖 sin(73
48

𝜋)

∨ 𝑧 = 21
8 cos(85

48
𝜋) + 21

8 𝑖 sin(85
48

𝜋)

∨ 𝑧 = 21
8 cos(97

48
𝜋) + 21

8 𝑖 sin(97
48

𝜋)



h. 𝑧7 − 2𝑖𝑧4 − 𝑖𝑧3 − 2 = 0
(𝑧4 − 𝑖)(𝑧3 − 2𝑖) = 0

𝑧4 = 𝑖 ∨ 𝑧3 = 2𝑖
𝑧2 = ±

√
𝑖 ∨ 𝑧 = 21

3 𝑒1
6𝜋𝑖+𝑘4

6𝜋𝑖

𝑧 = 1
2
√2 +

√
2 + 𝑖1

2
√2 −

√
2

∨ 𝑧 = −1
2
√2 +

√
2 + −𝑖1

2
√2 −

√
2

∨ 𝑧 = 1
2
√2 +

√
2 − 𝑖1

2
√2 −

√
2

∨ 𝑧 = −1
2
√2 +

√
2 + 𝑖1

2
√2 −

√
2

∨ 𝑧 = −2−2
3
√

3 + 2−2
3 𝑖

∨ 𝑧 = 2−2
3
√

3 + 2−2
3 𝑖

∨ 𝑧 = −𝑖21
3

i. 𝑥6 + 𝑖𝑥3 + 𝑖 − 1 = 0
𝑥3 = 𝑢 = 𝑎 + 𝑏𝑖 with 𝑎, 𝑏 ∈ ℝ
𝑢2 + 𝑖𝑢 + 𝑖 − 1 = 0
(𝑢 + 1)(𝑢 + 𝑖 − 1) = 0
𝑢 = −1 ∨ 𝑢 = 1 − 𝑖
𝑥3 = −1 ∨ 𝑥3 = 1 − 𝑖
𝑥 = −1

∨ 𝑥 = 1
2

+ 𝑖1
2
√

3

∨ 𝑥 = 1
2

− 𝑖1
2
√

3

∨ 𝑥 = 1 − 𝑖

∨ 𝑥 =
√

2 cos( 5
12

𝜋) + 𝑖
√

2 sin( 5
12

𝜋)

∨ 𝑥 =
√

2 cos(13
12

𝜋) + 𝑖
√

2 sin(13
12

𝜋)
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