Complex roots of unity & polynomial equations

Exercise 3.9

Solve the following equations on C
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z4 =1
z2:i+i
V2 V2
2 4+2—-2=0
B 4+4—4V3i=0
24 = T+ 244
2= T+ 4V2i
B =3+i
27T —2iz* —i23 —2=0

P +iz34+i—1=0

Solution Exercise 3.9

a.

22 — ppmitk2mi
z = e%wi-{-kﬂ'i

1 1 1 1
z=§\/§+i§\/§Vz=z=—§\/§—i§\/§

22 = 5\/5 + 5 21
22 — gimitk2mi
g = eéwiJrkTrz

9
z:cos§7r+isin§7er:cosgﬂ—i—isingﬁ

z=%\/24-\/§+i%\/2—\/§\/z=—%\/24—\/5—2'%\/2—\/5

note: the exact answers were found using the half angle formulae of sin and cos, there are many
other ways to compute an exact answer void of trigonometric functions.

22 =242
23 — R eamithk2mi

112
y = \/éezm+k§m

; 1 1 1 1 ) 1 1 1 1 )
Z—1+’L\/Z——§+§\/§—(§+§\/§>sz——§—§\/§—(5—5\/5>’L



d 3= 4+4V3i
23 = Searctan2 (4\/5,74)i+k27m'

y = 2e%wi+kgm’

2 2
z= 2cos<—7r> + 21 sin(—w)
9 9
Vz= 2003(277) + 21 sin(gw)
V 2 14 + 24 si 14
= — in| —
z cos 9 T 18 5 s

note that arctan, (4\/3, —4) = %7‘(’ + arctan(%g) as arctan,, returns the angle in the right

quadrant.

e 2t = —T+24i
because arctan,(24,—7) does not have an exact solutions, we will use substitution
22 =u=a+bi witha,beR
u? = =7+ 24i
a® + 2abi — b® = —7 + 24i
= a2 —b%=—T7A2ab=24
12
b
144b~2 — b* = —7
bt —Tb? —144 =0
(> —16)(b*+9) =0
b2 =16 V b2 = —9 (spurious)
b=44
u=3+4Vu=-3—4

a

2 =3+4iVa®=-3—4
a® +2abi —b? =3+ 4i Va® + 2abi —b? = -3 —4i
(a> — > =3AN2ab=4)V (a®> —b*> = -3 A 2ab = —4)
azg\/az—g
b b
4b72 —p2 =3V 4b 2 —b2=-3
b +3b2 —4=0Vb*—3b2—4=0
(B2 +4)(b2—1)=0V (2 —4)(b2+1)=0
b? = —4 (spurious) Vb2 =1V b% =4V b*> = —1 (spurious)
b=1Vb=—-1Vvb=2Vb=-2
r=2+i1Vex=—2—iVe=—-14+2t1Ve=1—2¢



2= T+ 4V2i
using substitution

A =u?=qa+bi witha,be R u?=—7+4V2
2

a= 22
b

bt — 72 —8 =0

(b2 —8)(b% +1)

b? =8V b? = —1 (spurious)

b=+2V2

u=1+2v2iVu=—1—2V2

22 =14+2V2ivae?=—-1-2
V2 V2

a=—Va=——

b b
bP+0?—2=0Vd'—b*—-2=0
(B +2)(b*—1) Vv (b* —2)(b* + 1)
b? = —2 (spurious) Vb2 =1V b? =2V b? = —1 (spurious)
b=41Vb=1V2
r=V2+iVe=—V2—iVe=—14+V2ive=1—V2i

- 22 =341
28 — 9egmHk2m

10112
g = 2§6E7”+kﬁ7”

= 238 _ 8 J—
z COS 487'[' 7 S1n 487T

V=25 cos<1—37r) + 284 sin(gﬂ)
48 48

V=258 COS(EW) + 284 sin<§w>
48 8

V2 =28 COS(XW) + 284 s1n(3—77r)
48 48

V=25 cos(gw) + 2§zsin(@w)
48 8

Vz=2s% cos(i—éw) + 284 sm(éw)

V z = 25 cos (Ew) + 284 sin(ﬁw>
48 8

V=25 cos(ﬁw) + 28isin §7r)
48 8
1 97 1. . (97

Vz =28 COS(—gﬂ') + 284 s1n(—87r>



h. 27 9424 — 423 —2=0
(24 —4)(2*—2i) =0
2r=ivz23 =2

B 1 1 4. __;
22 = +ViV z = 25 esmitkEm

1 1
Vz=—= 2+\/§+—i5 22
1 1
Vz=-V2+vV2—iz\V/2—-V2
2 2
1 1
V=3 2+x/§+z5 22

Ll +ixd+i—1=0
23 =u=a+bi witha,beR
u?+iu+i—1=0
(u+1D)(u+i—1)=0
u=—1Vu=1—1

=—-1vazd=1—i
r=—1

1 1
Ver=-+1i=-Vv3
z=5+izV3

1 1
Ve==—iz
= z2\/§
Ve=1—1

5 . . 5
Vo= \/§COS<E7T> + Z\/§s1n<ﬁ7r>

13 . . (13
Vo= ﬁcos(EW) + Z\/§sm<ﬁ7r>
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